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Abstract. Matrix elements for hole-phonon scattering in a quantum well are
calculated using a four-band k-p method. The method provides a realistic
description of the quantum confined valence states, including the effects of
heavy-light hole mixing. This mixing preciudes the operation of any symmetry
rules for phonon scattering, and the matrix elements are dependent on the specific
character of the scattering states involved. For optical phonons, the matrix
elements exhibit a strong dependence on the in-plane wavevectors of the
scattering states, especially for states lying near the so-called anticrossing regions
of the valence subbands. For acoustic (deformation potential) phonons, the matrix
elements for intrasubband processes are relatively independent of the in-plane
wavevector. In both cases, the larger matrix elements are generally those for
intrasubband scattering, with the dominant intersubband processes being those

involving adjacent and anticrossing bands.

1. Introduction

An understanding of the interaction between electrons
and phonons forms an essential part of any study of
carrier transport phenomena in semicqnductors. The
same is true of transport in quantum confined semicon-
ductor structures (super lattices and quantum wells) in
which both carriers and phonons occupy quasi-two-
dimensional (2D) states. Analyses of the electron-
phonon interaction in the conduction bands of such
structures have already been presented [1-3]; however,
the corresponding hole-phonon scattering processes in
the valence bands of quasi-2D systems have received
relatively little attention. This is presumably due to the
complexity of the quantum confined valence bandstruc-
ture. In a quasi-2D semiconductor structure, mixing of
the heavy and light hole states occurs [4,5], giving rise to
a set of subbands whose energy dispersion in the plane of
the 2D layers is markedly non-parabolic. The character
of the valence states shows a strong dependence on the
in-plane wavevector, and a description of these states by
a simple one-band effective mass model — as is com-
monly used for the conduction band system — is no
longer appropriate.

The purpose of this paper is to show how the matrix

e(fw&t(for hole-phonon scattering in a quasi-2D system are

modified by these mixing effects. The work reported here

+ Present address: Plessey Research Caswell Limited, Allen Clark
Research Centre, Towcester, Northants, UK.

represents the first stage of our development of a Monte
Carlo simulation of hole dynamics in quantum wells [6].
Subsequent stages of this work will be reported in a series
of forthcoming publications. In section 2 of this paper we
will set out a model calculation of the hole-phonon
scattering matrix elements, using a four-band k-p
scheme to describe the quantum confined valence states.
We will consider the following cases: scattering by acous-
tic phonons (via the deformation potential interaction),
and by optical phonons (via the deformation potential
and Frohlich interactions). We will refer to these pro-
cesses as ‘acoustic’, ‘non-polar optical’ scattering, respec-
tively. In section 3 we will present results for intra- and
inter-subband transitions via the above processes for the
specific case of a 100 A GaAs/AlAs quantum well.

2. Theory

For the purposes of this model calculation, we will
assume that the phonon modes in the quantum well can
be taken to be bulk-like. In this respect, our work will be
complementary to that of Price [1], and Ridley and co-
workers [2,3], who calculated phonon scattering matrix
elements for conduction electrons in a quasi-2D struc-
ture, using a confined electron-bulk phonon model.
However we acknowledge that, for a more exact treat-
ment, confined phonon states should be used [7].

In the bulk phonon approximation, calculation of the
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matrix elements for any carrier-phonon scattering pro-
cess involves the evaluation of the integral

Ik, k) = J*I':»(") exp( £ ig-r)y(r)dr 1¢))

where /,(r) is the carrier wavefunction in the quantum
well, k and &’ are the wavevectors of the initial and final
carrier states, and ¢ is the phonon wavevector. In general,
the upper sign in the exponential term should be taken
for phonon absorption and the lower sign for emission.

To determine the valence states, we have used the
4-band k-p scheme of Schuurmans and 't Hooft [8],
extended to include spin effects as described by Eppenga
et al [9]. In this approach, the quantum well wavefunc-
tions Y are taken as linear combinations of bulk wave-
functions ¢i

where the @; are sums over plane waves

. =Y U;exp(ik;: ru(r). 3)
J

The u;(r) are the k- p basis set consisting of zone centre
Bloch states for the lowest conduction band, the heavy,
light and spin split-off hole bands, for both spin parities;
eight basis states in all.

Solutions of the Schrédinger equation are sought in
the three regions of the quantum well: [ — oo, L/2],
regionI; [ — L/2, L/2], region II, and [ L/2, c0], region HI
(L is the quantum well width), with continuity of the
carrier wavefunction and the probability current
required at the interfaces. Continuity of  means that K,
must be the same in all three reglons, and hence thc
quantum well wavefunction in region I can‘be written as

YI(r) = exp(ik - ry )Z AWULu(r) exp(ikl ,2). (@)

¥y and Y, take exactly the same form, with the basis
states u,(r) assumed to be the same in both well and
barrier regions.

Consequently, I(k’, k) consists of three terms, which
we shall denote [, I, and I, each similar in form to
equation (1), but with the limits of integration defined by
the boundaries of regions I, IT and III as given above. In
this calculation, we will assume for simplicity, that the
phonon modes are bulk GaAs-like in all three regions of
the quantum well system. In practice, the contribution to
the matrix elements from the barrier regions will be
small, and the choice of phonon modes in these regions
will not have any significant effect on the results.

We will consider firstly the term I, Let the wavefunc-
tions of the initial and final states in region II be

¥.an () = exp(ikf -ry) z AMURufr) exp(ikyz), (5a)

'l‘n.u(’ ) = CXP(ik ry) z B“ Vﬂuk(’ ) CXP('kB"Z), (5b)

Substituting these equations into equation (1) gives

i, BA = Z AU B@V*"

z=LJ2
X I exp[ikf — B4 q-ry]

z==Lj2
u(rui(rexp [k} —

The product u,(r)uf(r) can be expanded as a Fourier
series over reciprocal lattice vectors:

ufrut(e) =Y c, x explig-r) @)
g

kPt +q)zldr. (6)

where

Co x = é L ufryug(rlexp( — ig -r)dr (8)

with Q the unit cell volume.
We now write dr = dry dz and integrate over r| to
obtain

I, BA = (2n)? z c, w0kt — kb + g, + q)

/2
Y AMULBHE J explikis — kxin
ulk

+9, £ g,)2])dz ®

where we have assumed that kff and k7 are real, since
evanescent solutions are not expected in the plane of the
quantum well.

The smallest allowed values of g will be much larger
than the typical values of in-plane carrier wavevectors k7l
and k{,’, and therefore only the terms with g, = 0 will
contribute significantly to the sum over g. Similarly, the
allowed values of g, will all be considerably larger than
the carrier wavevector components k, ~ n/L, resulting in
very small values of the integral over z for g, # 0.
Therefore, we may, to a good approximation, neglect all
but the g = 0 term in the sum. From equation (8), the
coefficient of this term is ¢, 3 = 9; 4, since the bulk basis
states form an orthogonal set. Then, carrying out the
integral over z, we obtain the resuft

Iy ga= L(21t)25(kﬁ - I‘ﬂ + QN)Z A?U:;B?BV?}"
ijl
sin(kfy — k5 + q,)L/2
(& — kPt gLz
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Secondly, we will consider /,. The mathematical form of
the wavefunctions is the same as for I;, However, we
know that the real parts of the wavevectors k2 and k2
will always be zero, since no oscillatory solutions are
allowed in the barrier regions. Furthermore, for region I,
only those wavevectors with negative imaginary parts are
allowed (to ensure Y — 0 as z &= — o0). Thus we can write
the wavefunctions in region [ in the form

¥ a1(r) = exp(ik{ - ry) Z AU ur)exp(xftz) (11a)

Ypar) = CXP("‘ ry) Z BV| k"k(')exP(KB'lz) (1 lb)
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where k8 = — Im(k#), k% = — Im(k%), and the 4} and
B! are the coefficients of a subset of cxactly half the bulk
basis states in region I. We then obtain for I

I ga = 14(275)25(kﬁ - kﬂ tq n)z Al UﬁjB?l Vl‘jl
it

1 exp — (% + x5 +ig,)L/2]
3 itz 2

For region 111, again the real parts of the k%, k27 will be

zero, but this time only wavevectors with positive
imaginary parts are allowed. Thus

IIII.BA = L(zn)zts(k,«'ll — " '_': q")z AlllUlllB?lll V?}lll

1 exp[ — (k2w + k27 ¥ ig,)L/2]
*2 (kdm + k2 Fig,)L)2

13)

where k21 = Im(k2%) and k2§ = Im(k7).
Collectmg together the results of equations (10), (12)
and (13), we obtain

s =l pa + Inpa+ Tnsal 2 (14)

This result should be modified to account for normalisa-
tion of the carrier wavefunctions, i.e. we require

lz = 'IBAIZ (15)
BA NANB
where N,, { %y, dr. This gives
2
Tpal? = ") Skt — k2 + g na@)|?  (16)

where o is the area of the quantum well.plane, and the
term | Jp(g.)| 2 contains all the details of the interac-
tion of the quantum confined hole states with the phonon
mode in the z direction.

For carrier-phonon scattering in a quantum well, a
general expression for the scattering rate can be derived
from Fermi’s Golden Rule:

P".'"(k”) h @ )3 II kytqy, k”(ZM'O) )[‘,V + 1]

X |Jp B kyn(@)20Leky, 1) — ek, n) F €,,1dKY dg,
{an

where M’ is the lattice oscillator mass, w, is the phonon
frequency of mode ¢, 4", is the phonon occupation
number, ¢,, is the phonon energy, e(ky, n) is the kinetic
energy of a carrier in subband n, and C, is a coupling
coefficient for the particular scattering process..The
upper case gives the result for phonon absorption, and
the lower case, that for emission. We will assume that the
subband energy dispersions are isotropic in the k; plane.
Consequently, the term Ji,, x4 () Will also be indepen-
dent of the directions of k| and k.

For acoustic scattering in the elastic and energy
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equipartition approximations we obtain the result:

Pu'.n(k“) =P, Jj.ék|| tqu.ky |-’r".',k...(qz)|z

x 5(e(k’",n) —e(ky,n ))dl(udq,

= PACDn’(k’ll)Mlzc'uu'.klln (18)

where
_ kaTE%c
A€ 8athpuv?
with E,- the acoustic deformation potential in the
quantum well, p the crystal density, and v, the crystal

sound velocity. D,,(k/)) is the density of states in subband
"

(19)

D (k) =2n 20)

k 1
de/dky

ky =Ky

and

M:'"n‘,k"n = J‘\Jk'"n‘.k“rl(qz)l2 dqz (21)

where k) satisfies e(k, n).

For non-polar optical scattering, following the treat-
ment of Ridley [10] in which Lo and TO phonons are
assigned a common, ¢ independent frequency w,, we
obtain

e
Pn‘,n(kll) = PNPO[JV- :_
op

where

| [PeO0Me s @2

Pyro =25 = 23
D is the optical deformation potential constant, and
= 1/[exp(hw,,/ksT) — 1]. Here, kY, satisfies e(k', n')

= e(k", n) + haw,,.
For polar optlcal scattering, via the Frohlich interac-

tion [11,12], we find .
./V
Pl = Pron] [ ]D COME i (24)
where )
a,, (11
Pror = 1232 (g - ;,) 23

with ¢, and e, the static and high frequency dielectric
constants, and '

PR CAlY
Mi'uﬂ'vkll" = j 6ku1¢uskn -—I;|T“é~ dq, df (26)

with  the angle between k and k. Integration over )
then gives

[ Jyn.x (@)
2, = LALITL d
Mt"n.k"" 2”{}?_* 2(kﬁ + k[,lz)qg ¥ (kﬁ — k|’12 2 q.
@7
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It is also possible to derive matrix elements for
scattering by acoustic phonons via the piezoelectric
interaction, using the approach detailed above. However,
for such a calculation, additional aspects such as free
carrier screening and the anisotropy of the coupling
coefficient must be considered, and therefore we will defer
any treatment of this process to a later publication.

3. Results and Discussion

We have calculated the terms M? for scattering by
acoustic (AC), non-polar optical (NPO) and polar optical
(rop) phonons, as detailed above, for holes in a 100 A
GaAs/AlAs quantum well. Figure 1 shows the in-plane
dispersion of the first four valence subbands in the well.
These subbands were obtained from a 4-band k-p calcu-
lation, using parameters taken from reference [8]. The
effects of heavy hole-light hole mixing are clearly appar-
ent; the subbands are distorted, with repulsion (anticross-
ing) phenomena visible between adjacent bands. These
anticrossing regions are indicative of an exchange of
character of the states in the pairs of subbands. The
subbands are usually labelled according to the character
of the (unmixed) zone centre states — hence the labelling
HH1, HH2, LH] and HH3 in figure 1 — however, for
simplicity, we will refer simply to bands 1-4. The extent
of the band mixing is such that all states k> 0 are a
hybrid of the zone centre states for all neighbouring
subbands. “This means that no symmetry rules can be
deduced for either intra- or inter-band phonon scatter-
ing; the matrix elements are dependent on the specific
nature of the initial and final states involved.

In Figures 2-4 we have shown the matrix elements
squared for a selection of non-polar optical scattering
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Figure 1. In-plane energy dispersion of the first four vaience
subbands of a 100 A GaAs/AlAs quantum well. Zero energy
corresponds to the base of the valence band well, and
energy is measured as positive in the direction of increasing
subband index.
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Figure 2. Matrix elements squared for npO scattering as a
function of the in-plane wavevector of the lower energy state,
for processes in which the lower energy state is in band 1.
The matrix elements squared are plotted in dimensionless
form, (L/4) M2, where M? is given by equation (21). Also
shown are the results obtained for both intra- and inter-band
scattering using a 1-band effective mass model.

processes within the four bands, as a function of k|, the
wavevector of the lower energy state. Figures 5-7 show
results for the same set of transitions for scattering by
polar optical phonons. The optical phonon energy in
both cases was taken as 36 meV, the LO phonon energy
for GaAs.

Clearly, the matrix elements vary strongly with the
wavevectors of the scattering states. This is in marked
contrast to the case of NPO scattering of electrons in a

2.0
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ky (AN

Figure 3. Matrix elements squared for nro scattering for
processes in which the lower energy state is in band 2,
against in-plane wavevector in band 2.
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Figure 4. Matrix elements squared for NpO scattering in bands
3 and 4, as a function of the in-plane wavevector of the lower
energy state. In the labels n—m, the subband index of the
lower energy state is given by n.

quantum well, which, when treated within a one-band
effective mass approach [1,2], gives a fixed, &-indepen-
dent value for the matrix element for all intrasubband
transitions, and another fixed value for all intersubband
transitions (see figure 2).

For the intraband processes NPO 1-1 and NPO 2-2
(figures 2 and 3 respectively), M? is small for small k; and
large for large k. This is because, at small k, the
scattering states lie on opposite sides of the anticrossing
region of bands 1 and 2, and are therefore quite dissimilar
in character, giving rise to a small matrix element.
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Figure 5. Matrix elements squared for pop scattering for
processes in which the lower energy state is in band 1,
against in-plane wavevector in band 1. The matrix elements
squared are plotted in dimensionless form, (1/4L)M?, where
M? is given by equation (27).
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Figure 6. Matrix elements squared for pop scattering for
processes in which the lower energy state is in band 2,
against in-plane wavevector in band 2.

However, as the wavevector of the lower energy state
increases, the character of that state becomes much more
like that of the upper energy state, until, for k, well
beyond the anticrossing region, the two states are very
similar in character, and the scattering matrix element is
large. Indeed, it can be seen from figure 2 that the
intraband NPO matrix elements approach the 1-band
effective mass result at large k.

For interband scattering between two bands which
exhibit the anticrossing effect, the converse trend is
observed. This is illustrated by the results for NPO 1-2
and NPO 2-1 scattering in figures 2 and 3. At small k, the
upper and lower energy states are located on opposite

04
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0 0.01 002 003 004 005 006
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Figure 7. Matrix elements squared for pop scattering in bands
3 and 4, as a function of the in-plane wavevector of the lower
energy state.
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sides of the anticrossing region: because of the exchange
of character which occurs, these states are similar in
character, resulting in a large scattering matrix element.
As ky increases, the character of the lower energy state
becomes less similar to that of the upper state, and the
matrix element decreases. The same effect can be seen for
NPO 3-4 and NPO 4-3 scattering on figures 4 and 5,
respectively.

The results for POP scattering follow the basic trends
described above, but with modifications due to the 1/¢?
dependence of the Fréhlich interaction, aithough this
dependence is smeared out somewhat, in the term M’ 2, by
the integration over scattering angle 6 (see equation
(26)). (In the 1-band effective mass calculation, variations
of M? with k arise solely from this 1/¢* dependence [1,
2].) One important consequence of the 1/g* dependence
can be seen in the relative magnitudes of the interband
matrix elements. It is clear from figures 2-4, that the
dominant interband matrix elements NPO scattering are
those involving states in adjacent anticrossing bands.
The matrix elements for the other interband processes
shown are all considerably smaller. However, this is not
universally true for POP scattering. In figure 7 it can be
seen that the POP 4-3 matrix element is considerably
smaller than the other matrix elements shown, and this is
due to the large separation of the scattering states in k-
space, for all k. This means that the minimum value of
phonon wavevector, g, = |k — k)| is large; thus reduc-
ing the magnitude of the matrix element. Conversely, for
POP 3-4 scattering at small ky, ¢, is very small, giving
rise to larger matrix elements than for any other rop
process.

In figure 8 we have shown a plot of M? against k, for
a selection of AC scattering processes. The matrix ele-

&

25

1 band (intraband)

{L/M?

0 001 002 003 004 005 006
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Figure 8. Matrix elements squared for ac scattering, as a
function of the in-plane wavevector of the lower energy state.
The broken curves are the results for the ‘cross-valley’
processes in bands 2 and 4, and-the~fuli-ourves-repressnts
t"’ 1 t! ’ !“vv:- e - 14 £ intzok d ""ﬂuﬁﬂ.ng.

ments for the four intraband processes shown as full
curves in figure 8 are large (compared to those for NPO
scattering) and vary only weakly with wavevector. This is
because, in the approximation of elastic scattering, the
initial and final states are identical for a given ky. In
reality, the acoustic phonon energies are typically only of
the order of 1 meV, in which the case the scattering states
will still lie close together in k-space, preserving the
general features shown for intraband scattering in figure
8. We have confirmed this argument by calculating
matrix elements for the AC 1-1 process for scattering
states separated in energy by + (e, = 2hvk,), repre-
senting the maximum acoustic phonon energy for a given
k. These results, summarised in table 1, show a deviation
of typically only 1% from the values for e, = 0. The
1-band effective mass calculation yields the same fixed
values for the AC scattering matrix elements as those
shown in figure 2 for NPO scattering, and therefore serves
ads a reasonéable approximation for the intraband Ac
processes described above (see figure 8). However, for AC
2-2 and AC 4-4 scattering, a second (broken) curve is
shown on figure 8. This corresponds to scattering be-
tween equal energy states lying on opposite sides of the
'off-zone~-centre energy minimum in each of bands 2 and
4. For each process the two curves coincide at the
wavevector of the energy minimum; ky = 0015 A~" in
band 2, and 0.021 A ! in band 4, but the matrix elements
for these ‘cross valley’ transitions fall off as k shifts away
from these points, since the scattering states become less
similar in character.

The matrix elements for interband AC scattering are
all considerably smaller than the intraband results. As in
the case of NPO scattering, the most important interband
processes are those involving adjacent, anticrossing
bands, and these have matrix elements which again

Table 1. Matrix elements squared for Ac 1-1 scattering.
Results are given for the elastic case (¢,, = 0), and for a
separation of the scattering states by ¢, = + 2hv k iy ~
0.5k, for holes in GaAs, with k, in units of 10~* A-

k(x1072A"Y) € (MeV) (Lr4) M2
0.5 0.0 2.196
025 . 2.196
-0.25 ;2196
1.0 - 0.0 2217
05 2.220
—-0.5 2.212
2,0 0.0 2477
1.0 2,094
-1.0 2.165
3.0 0.0 2.044
15 2.032
-15 1.999
40 0.0 2,068
20 2.081
—-20 2,051







