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Abstract. The envelope function approximation due to Bastard, which is widely
used for the calculation of energy levels in quantum wells and superlattices, has been
re-examined to check for consistency. This has been achieved by writing down the
coupled differential equations obeyed by the envelope functions, and then treating
the valence band envelope functions as the dependent variables. This is in contrast to
the usual approach, where the conduction band envelope functions are treated as the
dependent variables. The superlattice band structure is found to be identical for both
approaches, and so the method gives consistent results. However, the boundary
conditions on the valence band envelopes at a semiconductor interface are not the
expected ones. The explicit form of the valence band envelope function boundary
conditions at an interface are discussed in this paper. In the Bastard model, the free-
electron kinetic energy that appears in the k-.p model that describes the
semiconductors is neglected, and it is the neglect of this term that gives rise to the
unusual boundary conditions on the valence band envelopes that are described in

this work.

1. Introduction

An attractive, approximate method for calculating
electronic energy levels for quantum wells and
superlattices is an envelope function approach developed
by Bastard [1], based on an approximate k-.p
Hamiltonian [2]. The attractive features of the method are
(i) the ability to provide algebraic expressions for
superlattice band structures, and (ii) to treat conduction
band and valence band features on an equal footing. It has
been customary to follow Bastard’s original treatment and
formulate the energy level problem in terms of a
differential equation obeyed by the conduction band
envelope functions [1]. However, there seems to be no
reason why the problem should not be formulated in terms
of a differential equation with the valence band envelope
functions as the dependent variables. Indeed, if the method
is to be consistent, then both approaches should give the
same results for the energy levels of a given structure, and
it is important to establish that this is so. In [3], Bastard
checks that the two approaches are equivalent, but only
for the simplest case, i.e., the band structure of a
superlattice for zero-wave-vector component in the plane
parallel to the interfaces and with the additional
assumption that the envelope functions for the spin-split-
off zone-centre states are negligible. It is desirable to
establish this consistency under less restrictive
assumptions and this is the main purpose of this paper.
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We do indeed find that the envelope function
approximation proposed by Bastard is consistent, but the
continuity conditions on the valence band envelope
functions are not the expected ones. For instance, on the
basis of this model, the light-hole envelope functions are
not continuous in general; care is therefore needed if
correct and consistent answers are to be obtained.

The paper is organised as follows. In § 2 we establish
the consistency of the Bastard model under less restrictive
assumptions than hitherto, and, in so doing, discover
unexpected continuity conditions involving the valence
band envelope functions. Section 3 examines the
significance of the valence band envelope continuity
conditions at a semiconductor interface unearthed in § 2.
Section 4 examines this present work in relation to
previous work by Bastard [3]. Section 5 summarises the
results of this paper.

2. Generation of superlattice band structure using
the Bastard form of the envelope function
approximation

Consider a superlattice composed of the constituent
semiconductors A and B, with the growth direction along
the z axis (see figure 1). In this section, spin—orbit splitting
is included, but the component of wave-vector in the (x, )
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Figure 1. Schematic diagram of part of the A—B super-
lattice close to 2= 0. the width of the A layer is /5, whilst
the width of the B layer is /3. The total superlattice period is
equal to d(=/4 +/g).

plane, k, is taken to be zero. The results derived in this
section concerning conditions are generalised to the case
of non-zero kin § 3.

The following basis states are used:

[Fe)=[isT) M
D =@V(X +iV)i)-@)'?ZT) @
)= (X +iN) +DVZT) 3

where |¥.), |¥,), |¥,), represent the zone centre
conduction band, light-hole band, and spin split off band
Bloch functions, respectively. All the band edges are
assumed to be at the T point. |S), |X), |Y), and |Z ), are
periodic Bloch functions that transform in the same way
as's, p,, p,, and p, orbitals under the symmetry operations
of the tetrahedral group, T, T and | denotes spin-up or
spin-down components of the zone-certre Bloch functions
with respect to the z axis. The heavy-hole wavefunction is
not included in the basis set, since, unless Luttinger
parameters are included [4], this state decouples from the
other basis states and gives a dispersionless energy—wave-
vector relationship, if k is zero. In other words, the m;=}
states are the only ones included in the basis since, in the
simple model used the m;=3$ decouples from the others.

In the spirit of the envelope function approximation,
[S), XD, |Y) and |Z) are assumed to be the same in
materials A and B, leading to the same Kane matrix
element, IT, in these materials.

The wavefunction in material A is written as

[Pa)=F&W.)+FRAY) + FAY,) 4)

where FA, F4, FA are the conduction, light-hole, and
spin split off envelopes in material A, respectively. A
similar expression holds for Wg. The envelopes are
assumed to be slowly varying compared to the zone-centre
states. In this section, the value of k is zero, and so the
problem is simplified, since the spin-up and spin-down
components of the envelopes do not mix [3].
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The Hamiltonian matrix in one of the materials is
calculated in the same way as in [2], and is

Ec _(%)1/2HP1 (%)I/ZHPZ
Hl| —(®)'11P, E, 0 )
GMHvaip, 0 E

where IT is the Kane matrix element, and P, is the z
component of momentum. E., E,, and E, are the
conduction, light-hole, and spin split off zone centre
energies. The band structure generated by this
Hamiltonian can reproduce the essential features of the
conduction, light-hole and spin split off bands. In the
Bastard model, however, in order to obtain algebraic
expressions for the band structure of superlattices, the
effect of the free-electron Kkinetic energy term in
Schrédinger’s equation on the envelope functions is
neglected, and this produces the band structure shown in
figure 2, which is not as good for the valence bands as for
the conduction band. This neglect of the free-electron
kinetic energy has now been shown, [5], to be responsible
for the unusual boundary conditions on the valence band
envelopes that are presented later in this paper. We also
note that the neglect of the free-electron kinetic energy
terms gives a band structure (figure 2) qualitatively
different from that obtained when these terms are not
neglected (figure 3). In figure 3, it can be seen that the
energy of the light-hole band increases with increasing
wave-vector for large wave-vectors. This is a limitation of
the four-band model without remote band effects. For
large wave-vector the free-electron kinetic energy
dominates the k - p term. In fact, on the basis of the four-
band model, the heavy-hole band (which is not shown in
figure 3) is free-electron-like for all wave-vectors, i.e. it has
the opposite curvature from that normally expected. To
improve the band structure, one needs to include remote
band effects, e.g. by using Luttinger parameters [4]. The
four-band model excluding remote band effects is only
intended to be reasonably accurate close to the zone
centre.

By using |¥.), |¥,), and |¥,) as a basis, three coupled
differential equations are obtained for the three envelopes
by using equations (4) and (5) and Schrodinger’s equation.
The three equations are

(E.,—E)F,—(})*1P,F,+ () IIP,F,=0 (6)
—(3)VIP,F, +(E,—E)F,=0 @)
MHVIP,F,+(E,—E)F,=0. 8)

The dependent variables F; and F; may be eliminated
to obtain an eigenvalue equation for the conduction band
envelope, F.. This is equivalent to folding down the
Hamiltonian matrix to decouple the first row and column
from the second and third rows and columns. The
eigenvalue equation for the conduction band envelope is

1
E—E,

2
((EC—E)+—3—H2PZ Pz

1 1
+—T%P, —— =0.
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Continuity conditions for envelope functions
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Figure 2. The band structure generated by the Kane four-band model (with the free-
electron kinetic energy neglected) for GaAs. The Kane matrix element has been taken to
be 0.63 atomic units (i.e. the unit of energy is 1 Hartree, and the wave-vector is in units
of the inverse Bohr radius). On the figure the wave-vector is in units of 1/a (a=the
lattice constant of GaAs=5.64 A). This is the same type of band structure used by
Bastard [1]. Real wave-vectors are shown by full curves, and imaginary wave-vectors

are shown by broken curves.

If it is assumed that equations (6), (7), (8) and (9) are
obeyed everywhere and if it is also assumed that all the
envelopes are finite everywhere (but not necessarily
continuous everywhere), then from (7) and (8) it is seen
that F, must be continuous everywhere. By integrating
equation (9) across a semiconductor interface, a boundary
condition on the derivative of the conduction band
envelope may also be obtained. If we introduce the
definition

dF,
dz

2 1
Q=<E—E1+E-—Es) (10)

then the boundary condition is that Q is continuous across
the interface. We note that for E~ E, Q is proportional to
(1/m )(dF./dz), where m, is the effective mass for carriers
in the conduction band.

For a superlattice, there is also a superlattice Bloch
condition, which together with the two continuity
conditions above leads to the superlattice band structure.

The result is
cos(gd)=cos(k sl ,) cos(kgly)
—3(x + 1/x) sin(kpl,) sin(kglp). (11)

This is valid for all the bands included in the model, where
q is the superlattice wave-vector and d, [, [y are defined in
figure 1. Also

(ksE )
= k) 2
1 2 1
E:=(E—E,+E—ES)A (13)
and
m2k3 2 1
; (E_EI+E_ES)A=(E—EC)A a4

with similar equations for material B. Equation (11) agrees
with a previous result quoted by Bastard [6]. The above
work has already been derived, but it is worth repeating
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Figure 3. The band structure generated by the Kane four-band model with the free-electron kinetic energy
included. The full curves are purely real wave-vectors. The broken curves correspond to purely imaginary
wave-vectors, and the chain curve corresponds to a complex solution, the real part of which is on the real
wave-vector side, and the imaginary part of which is on the imaginary wave-vector side. The same
parameters that were used in generating figure 2 were used in generating figure 3.

before we examine the case where F, and F are eliminated
from equations (6), (7), (8) to obtain an eigenvalue
equation for F.

Eliminating F_ from equations (7) and (8) immediately
leads to

2VYE,—E)F,+(E,—E)F,=0. (15)

However, if F, and F are both individually continuous
across a semiconductor interface, this equation will not,
in general, be satisfied. This indicates that the continuity
conditions on the valence band envelopes are more
complicated. In fact, it has already been shown that the
conduction band envelope is continuous across a
semiconductor interface, and a boundary condition on the
valence band envelopes is obtained by integrating equation
(6) across such an interface. The result is that W, where

1 E—FE
W:(—21/2F1+F5):——?-E (2 +E——E1)F1 (16)
s
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has to be continuous across the semiconductor interface.
Equation (6) may now be rewritten in terms of an
eigenvalue equation for the light-hole envelope F, as

2 1
(E—E)+=T1%P, P,
3 E—E,
i 1 p EZE an
3 ‘E—E, “E—E, ] "

Integration of equation (17) across a semiconductor
interface then gives a boundary condition on the derivative
of the light-hole envelope, which is

L \d(, E-F),
E_E,)dz\"TE-E, )"

is continuous across an interface. (18)

Now, by using the two continuity conditions (16) and
(18) involving F, and the superlattice Bloch condition, the









