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Abstract: The problem of Auger recombination of electrons and holes in a quantum-well heterostructure is
considered. We derive an expression for the Auger recombination rate for the CHSH process, with the carriers
involved remaining in their ground-state subbands. We make the usual approximations of parabolic isotropic
bandstructures, and assume Boltzmann statistics are valid. Our results are used to obtain the ratio of the Auger
recombination rates in quantum well and bulk structures, and the ratio obtained provides a useful extension of
previous work. For quantum-well lasers at 1.3 ym and 1.55 um, we find that the Auger recombination rates are
similar to those found in the bulk, provided that the carrier concentrations in the quantum well and the buik

are the same.

1 Introduction

Major objectives in the development of long-wavelength
lasers for use in optical- fibre communication systems
include the minimisation of the threshold current, and its
temperature sensitivity. There is interest in the quantum-
well (QW) laser structure [1] because theory and experi-
ment indicate that this should have a low threshold
current in the absence of nonradiative recombination.
However, just as in other semiconductor lasers, the tem-
perature dependence of the threshold current is not fully
understood. Band-to-band Auger recombination has been
suggested as one cause of the temperature sensitivity of the
threshold current in semiconductor lasers, and recently
some theoretical studies of this recombination mechanism
in quantum-well lasers have been undertaken [2, 3, 4, 5].

Three of us have previously studied band-to-band
Auger recombination for the case of the CHCC process in
a quantum well [2]. The letters CHCC refer to the Auger
process whereby an electron in the conduction band
recombines with a heavy hole and the resulting energy is
transferred, via the Coulomb interaction, to another elec-
tron, with both initial and final states in the conduction
band. In that study, the common approxjmations of iso-
tropic, parabolic energy bands and Boltzmann distribution
functions were made. Also, the carriers were assumed to
reside in the lowest subbands of the quantum well. In addi-
tion, there have been calculations of the Auger rate which
includes various intersubband transitions [4, 5, 6].
However, recent work [7] has shown that, under most cir-
cumstances, consideration of only the first subband
process gives a good guide to the Auger recombination
rate.

The results for the CHCC Auger rate in a quantum well
have already been used to derive a simple result for the
ratio of the quantum-well CHCC rate and the bulk CHCC
rate,” provided suitable approximations are used. The
simple result obtained has been reported previously [9].
However, the details of the calculation were not included
in that reference. In this work we present an extension of
the simple result referred to above to cover all other
important band-to-band Auger processes. The aim of this
paper is to report the new extended results, and also to
present the details of how both the new extended results
and the previously published result are derived.
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We find that, for all the important band-to-band Auger
processes, with suitable approximations discussed later in
the text, it is possible to write

Row_ (5}1)”2
RBULK Ea

where Ryw , Rpypx are the Auger rates per unit volume for
the quantum well and the bulk, respectively, and E, is the
activation energy of the particular Auger process under
consideration. The precise form of the result is presumably
dependent on the particular approximations used, e.g.
parabolic bands. We do not expect the corresponding
result for nonparabolic bands to have precisely the same
functional form. However, it is reasonable to suppose that
the implication of our work, i.e. that Row ~ Rpy x When
E,~ K, T, has wider significance. Hence, we believe our
result to be useful in predicting the trend in Auger rates as
the number of degrees of freedom are reduced. It could be
argued that a full calculation incorporating realistic band
structures would be preferable to the simple model used
here. However, even the most reliable bandstructure calcu-
lation could be sufficiently inaccurate to lead to large
errors in the estimate of the Auger rate. In view of this, a
simple, albeit approximate, analytic result for trends in the
Auger recombination rate as the number of degrees of
freedom is reduced is desirable, its simplicity being ade-
quate compensation for its lack of accuracy.

This paper extends the analysis of our previous work
[2] to the case of the CHSH Auger process (see Fig. 1).
Although the neglect of non-parabolicity of the energy
bands has been shown to overestimate the Auger rate [8]
(e.g. for the CHCC process in GaSb at 300 K, an accurate
bandstructure gives a rate about two orders of magnitude
less than that predicted using parabolic bands [8]), we
believe that the use of parabolic bands in the calculation of
the CHSH rate should give reasonably reliable results. The
reason for this is that the important transitions involve
states close to the band edges, where non-parabolicity
effects are not so significant. Thus, we expect that the
result for the quantum-well CHSH rate based on the para-
bolic approximation should be more reliable than the
equivalent result for the CHCC rate. An expression for the
quantum-well- Auger rate for the CHSH process is desir-
able, as it is thought that this is the dominant Auger
process in direct-gap semiconductors with an energy gap
(E,) close to the spin split-off energy (A). The activation
energy for the CHSH process is proportional to E, — A,
whereas for the CHCC process is is simply proportional to
E,. Hence, all other things being equal, a larger Auger rate
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is expected. Also, a simple change of parameters in the
CHSH rate can lead to results for the rates of other impor-
tant processes such as CHCC, CHHH, CHLH, CLSL etc.

Fig. 1
Parabolic bands have been assumed. The light-hole band has been omitted
for clarity, as have higher subbands

CHSH process involving carriers in their ground state subbands.

2 Calculation of the CHSH Auger rate in a QW

Our starting point is Fermi’s golden rule, which gives an
expression for the rate as

_ Auger rate
" per unit volume .

1 /2=
=Z<h>ZP|M|26(E1+E2_E1—‘E2) (1)
all

states
when A is the area in the plane of the well and L is the
quantum-well width
P is the statistical factor familiar from bulk Auger calcu-
lations, and for a quantum well this is calculated in an
‘exactly similar way. The assumption of Boltzmann dis-
tribution functions and carrier equilibrium within a
subband leads to

p np E; - EVSI)
P=- —1)exp | —— 2
D. ("opo ) P ( kg T @

where p, n are the actual hole and electron densities per
unit area of the well, p,, ny are the corresponding thermal
equilibrium hole and electron densities, kg is the Boltz-
mann constant, T the absolute temperature and E,g; =
energy of heavy hole band edge for the lowest subband.
Also
m,KgT
P. h?

where m, = my + my = sum of the light and heavy hole
masses and m, = my for typical materials of interest.
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The matrix element, M, can be written as in Reference 2

2
M= \”“P (r)¥3(r 2)<4n8lr1 —r2|>

x Wy(r)¥y(r;) dry &r, 3

The screening of the Coulomb potential by free carriers
has been omitted because this is usually negligible for
dynamic screening appropriate for Auger recombination
[7, 10]. The matrix element used is for the case of opposite
spins separately conserved, and the sum in eqn. 1 is over
all orbital states with the spin in each initial and final state
specified. It has been shown (see Reference 11) that there
are only three possible spin configurations which give
nonzero values for the matrix element. The case of
opposite spins conserved has been dealt with above. The
other two spin processes are:

(a) the case of opposite spins with spin exchange

(b) the case of parallel spins conserved by the inter-
action.

The total Auger rate is obtained by summing over all three
spin configurations and also over the two possible spin
orientations. However, if the Auger rate is calculated using
the matrix element above, and the result is R, then the
total Auger rate can be shown to be 48R where 1 < f <2
[11].

The Coulomb potential, i.e. the perturbing potential, is
expressed as a Fourier integral, and the matrix element
may then be evaluated by using wavefunctions appropriate
for electrons in a quantum well.

By assuming the quantum well has an active layer of
width L, and using a co-ordinate system with x-y-axes
parallel to the plane of the well and z-axis perpendicular to
the well, with the origin at the well centre, the wavefunc-
tions may be written as

2] <51 W) = A EB{US) exp (ik.p2)

+ U, (r) exp (—ik,, 2)} exp (—iK - p) (4)
where K and p are, respectively, the 2-dimensional wave-
vector and position vector in the plane of the well.

]z|> Y (r) = (5)

2
The matrix element expression can be substituted into eqn.
1, and the neglect of terms with large wavevector denomi-

nators leads to an expression for the Auger rate per unit
volume for a quantum well

1 (2n np LN AT
()il )= () laRle o
where
E,—E
o= [[[J o —mooe (7]

x 0K, + K, — K,. — K,)
x 8(E, + E; —E,. — E,)
x d°K, d°K, d°K,. d*°K,. )
@ {l}» 1, Qz}{219 2’ _qz}
IK, — K,)= q. (®)
Ko = K L Ky — K, 1 4
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and

B2 :
Vv [mr:l-n+ H(kzn - kzm + qz)
cell

+ mr;n_H(—kzn + kzm + qz)
+ m;n_H(_kzn - kzm + qz)
+ mn_m+H (kzn + kzm + qz)] (9)

(10)

{m,n, q} =

mit = [ vgroue o
Veet
when U{*)(r) are the periodic parts of the Bloch functions
. (pL
L e
sin ( > )
pL
2
Within a parabolic band approximation, the CHCC rate

(with two effective masses involved) can be performed ana-
lytically [2]. The CHSH rate, however, as it involves an

H(p) = 1

additional effective mass (due to the carrier in the spin ,

split-off band) is more difficult to calculate. All previous
Auger calculations have assumed a highly peaked inte-
grand, thus ensuring that the slowly varying matrix ele-
ments may be taken outside the integral. The matrix
element is then evaluated at the value of K;. — K, which
gives the maximum of the integrand [19]. In the previous
analysis [2] of the CHCC process in a quantum well, this
approximation was carried out rather elegantly. However,
the same approach, when used for the CHSH process, pro-
duces intractable integrals. Hence, the less elegant, but
equivalent approximation was used, where the slowly
varying terms were removed from the integral at the start
of the calculation.

Knowledge of the threshold value of K;. — K, and the
overlap integrals mI* ensures that the evaluation of
I*[(K,. — K,)r] is a simple numerical integration for any
particular case. An expression for the threshold wavevec-
tors may be derived using the criterion of equal velocities
for colliding particles developed by Keldysh [18] and also
by Crowell and Anderson [14]. The use of this criterion
together with the conservation of energy and momentum
leads to

(Ky — K )ruresnoLp = K, (12)
and
2m (my + m)HE, — A)
Ko? =(=3 T 13
Kol (h2>(2m,,+mc)(2mﬂ+mc—ms) (13)

where m¢, my and mg are the effective masses of conduc-
tion, heavy-hole and spin split-off carriers, respectively.

As our approach is most accurate for (E, — A)/KT » 1,
it should be ideally suited to a prediction of CHSH rates
in InGaAsP quantum-well lasers. At 300 K, for
Ing ssGag.42AS0.00P0.10 lattice matched to InP, it is found
that E, = 0.80 eV and A = 0.32 eV. (E, = 0.80 eV corre-
sponds to a wavelength of 1.55 ym, the minimum loss
region of silica optical fibres.) For Ing ;,Gag 28A80.60P0.40
lattice matched to InP at 300 K, it is found that E, =
095eV and A =026 eV. (E, = 0.95 eV corresponds to a
wavelength of 1.3 um, the region of minimum dispersion
and low loss of silica optical fibres.) Hence, for the techno-
logically important wavelengths, InGaAsP satisfies the
requirement that (E, — A)/kT » 1, and so our expression
for the CHSH rate should be applicable.
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When the term I%(K) is taken outside the integral in eqn.
7 and evaluated at its threshold wavevector K, the fol-
lowing expression is obtained:

o= [[[fon (7]

x &K, + K, - K,. — K,)

X 6(E1 + E2 - El' - E2r) del

x d’°K,. d*K, &°K,.
Evaluation of this integral [15] leads to the Auger rate per
unit volume of a quantum well for the CHSH process with
E,>A (for the case of opposite spins separately

conserved). Details of the evaluation appear in Appendix
7.1. This rate, R, may be written as

1 2\ 2
Re—l (2 2 (1,
m*h’'L\ €/ pc \NoPo

, Mymsmc(2my + me — mg)
(2my + me)?

(14)

x I*(Ko)KpT)

X €X — A
P\TKk,T
(m¢ + 2my) E,—A
X €Xp [ @my + me —mg) \ K5 T

A similar result has been obtained by Dutta [3], except his
matrix element term is only approximate, whereas the
I*(K,) term can be evaluated accurately. By noting that
nopo cexp (—E,/KyT), the main dependence of the
Auger rate on n, p and (E, — A) can be seen to be

2 _ mg E,— A
Rocp nexp[ (2mH+mC_mS>( K,,T)] (16)

This may be written as

E
R p?nexp| — —2
’ "( Ks T)
where an activation energy, E,, for the process has been
defined as

m
E ={——2 —YE,— A
¢ (2mH+mc_ms>( ’ )

It has been noted [12] that if the following change of par-
ameters is made, A =0, mg = my, n and p permuted and
then m. and my permuted, the CHSH process formally -
reduces to the CHCC process. Such a change of par-
ameters, when substituted into eqn. 15, leads to an expres-
sion for the CHCC Auger process which agrees exactly
with previous work [2].

However, eqn. 15 may lead to unreliable estimates of
the Auger rate, as there are uncertainties in quantities such
as the overlap integrals [16]. For this reason, and also as a
help in the design of quantum-well lasers, a comparison of
the quantum-well Auger rate and the bulk Auger rate is
more useful. Hopefully, such a result will be a more reli-
able indication of the behaviour of the quantum-well struc-
ture, as quantities that are not known accurately tend to
cancel when the ratio is taken.

In order to compare the rates in a quantum well and in
the bulk, an expression for the bulk CHSH rate is
required. Fortunately, this has already been calculated by
Haug et al. [12]. Their result for the CHSH bulk rate (for
E, > A) is used. It is important to note that their expres-

(15)

(17)

(18)
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sion has been calculated with a summation over all pos-
sible processes and both spin orientations. If the
assumption is made that equal numbers of electrons and
holes are present and that np > nyp,, the result due to
Haug et al. [12] may be written as

32ﬁ| MCH|2 I MHS|2 @ 3 7'[5/284
(4me)’K h

y E,—A\"* 1 ms(2my + me — mg) |32
KT ) \K;T)| Cmg+m)?

3 _ mg Eg—“A 19
X pmexp 2my + me —mg)\ KgT (19)

" where m2'? = m? + m}'? = m3? (as, in general, my > m;),
MCH is the Bloch overlap integral between conduction and
heavy hole bands and M¥5 is the Bloch overlap integral
between heavy hole and spin-split off bands.

In order to compare the quantum-well rate and the
bulk rate, it is necessary to multiply the rate obtained for
CHSH in a quantum well (eqn. 15) by a factor 48 [11]
(1 < B8 < 2) so that our calculation includes a summation
over all possible spin configurations. Also, the CHSH
quantum-well Auger rate may be rewritten by noting that

| MCHHMHS[
2K2L

(see Appendix 7.2), where S(K, L) is a dimensionless inte-
gral whose value ltes between 0 and 6r, and which con-
verges to 67 as (K, L)— co.

In the previous work on the ratio of quantum-well to
bulk Auger rates [9] the assumption that S(K,L)= 6n
was made, this assumption being called the wide-well limit.
However, if Kq,L is known, a relatively simple contour
integration immediately gives the value of S(K, L) and so
this approximation is not necessary.

Comparison of the quantum well and bulk rates may
now be made, taking the same material parameters in the
quantum well as in the bulk (e.g. bulk bandgap equal to
quantum-well bandgap, same effective masses etc.).

Assuming that equal concentrations of electrons and
holes are present in the quantum well with np > n, p,, the
total quantum-well rate per unit volume is

R _36BIMCH|2|MHSIZ 7'5324 1
o (4ne)2K2 h \KyT

“ [ms(zmg + me — ms):| S(K, L):|2
(@my + me)? 6n

% SCX _ mg Eg‘—A 2
p-exp 2my + me —mgJ\ Ky T @D

where the factor of 4f is included so that our result
includes a summation over all possible processes and both
spin orientations.

Assuming equal carrier densities in the quantum well
and the bulk, the ratio Ryy/Rp is

Rpyix =
my

I(K,) = S(Ko L) (20)

(RQW) :9\/71( 2my + mg )
Rpurk CHSH(E;> A) 8 \2my + mc — mg
2 12
y [S(KOL):| (KB T) 22)
6n E,

where E, is the activation energy of CHSH process (see
eqn. 18). A suitable change of parameters in eqn. 22 can
lead to an expression for the ratio Ryy,/Ry for the CHCC
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process. If this is carried out the following result is
obtained:

(RQW) _9n (ch + m,,)
CHCC

Ry 8 mc + my

S 2 1/2
[T o

where the activation energy of the CHCC process is used:

EgHCe _ <L>Eg (24)

me + my

This result agrees with the previously reported [9] CHCC
ratio of quantum-well rates and bulk rates, provided the
wide-well limit is assumed. Hence, eqn. 23 provides a more
accurate ratio than the previous result. ,

Expressions for both thé CHLH and CLSL (E, > A)
processes may also be obtained.

CHLH: A=0,m,=m,
<RQW> ENL: ( 2my + mc )
Ry /cuin 8 \2my +mc—my

2 K. T 1/2
Tl o

2 )Ey (26)

2my + me — my,

where
ECHLH _ (
a

note: K, changes for each process, this must be calculated
using Crowell and Anderson’s criterion along with energy
and momentum conservation or the use of eqn. 13 with
appropriate change of parameters.

CLSL: (E, > A) my—my

¥ (i)

Row.
2my + me — mg

RBULK)CLSL(E0> A) 8
2 1/2
y [S(KOL):I (K,, T) @n
on | \ESE

>(Eq —A) (28)

powsi_(___ms
? 2m; + me — mg

3 Asymptotic limits

If E,> KzT, then the Auger rates in both bulk and
quantum-well structures will become negligible due to the
activated nature of the Auger process. Also, from the
expressions above (eqns. 22, 23, 25 and 27), it is noted that
Row/Rpyrx— 0 as E,— co.

If E, < KzT, then KoL will be small, provided L is
fixed at some typical value (e.g. between 100 and 200 A).
From Appendix 7.2, it is shown that S(K,L)oc Ko L for
small values of K, L. Hence, in expressions 22, 23, 25 and
27 for Row/Rpyk, there will be a factor K3I* in the
numerator and a factor EX/? in the denominator. Now, it
was shown earlier that E, oc K3. Hence, the ratio Rgy/Rp
will decrease towards zero as E,— 0. However, this result
must be treated with some caution, as the approximation
of taking the slowly varying matrix elements outside the
Auger integral becomes increasingly inaccurate as K,— 0
(ie. as E,— 0).

If E, ~ Kz T, which is the case for materials of technical
interest in optoelectronics, then the Auger rates in a
quantum well and in the bulk are approximately the same.
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4 Conclusion

This paper extends previous work [2] to find an expres-
sion for the Auger rate in a quantum well for the CHSH
process in materials with E, > A, and for the case where
the carriers reside in thelr ground-state subbands. The
resulting expression confirms the functional form of pre-
vious treatments [3].

A formula for the ratio of the CHSH Auger rate in a
quantum well to the CHSH Auger rate in the bulk has
been obtained. The advantage of deriving the ratio for this
process is that the other Auger processes of interest may be
obtained from it by a simple change of parameters. For all
the processes considered, the ratio of the quantum-well
Auger rate to the bulk rate is found to take the form of a
constant multiplied by (K T/E,)!/?, where E, is the activa-
tion energy for the Auger process consxdered

For room temperature and typical material parameters
of technical interest, it is found that E, ~ Kz T, and so it
may be concluded that the Auger rate in a quantum well
will not be significantly reduced compared to the bulk rate,
if the carrier concentrations are the same in the two cases.
In fact, the Auger rate in a quantum well can be greater
than the bulk rate if size resonant effects in transitions to
unbound final states of the Auger electron are significant

[6].
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7 Appendix

7.1 Evaluation of phase space integral
The following integral is evaluated

0 = I(K,) Jm exp (E—Z,—;—j—s’) 5K, + K, — Ky — Ky)

x 8(E, + E, — E;. — E;) d*K, d*°K, d*K,. d°K,.

(29)

This is the two-dimensional equivalent of an integral con-

sidered by Beattie and Smith [17] in their derivation of the

bulk CLSL Auger rate. Their method of integration is also

suitable for performing the above integrations. We proceed

as follows:

Introduce the variables

h=K. + K,

j=K; — K,
o= DD ephn m exp (~ Buis oK)

x o(h — K, — K)

(30)
(€20

E,—A
xé[ —ﬂa— +Kf—usK§+Ezﬂ(h2 +j2)]

h 2: 12 2
x d%h &% d*K, d&°K, a2

The integral over A may be carried out immediately; j is
then described in polar co-ordinates, and the integral over
j may be done. A factor 2r arises from the angular part of j
and a factor 4 arises from the integration over the magni-
tude of j.

After these two evaluations, the expression for Q is

0- nlz(Ko)ZZ);P( BA) f J exp (— BusaK?) d°K, d°K,
H (33)

This has to be evaluated under the condition that j3 >0
where

H

. 2 E,—A
= [#s K3 — K}~ (Ja—ﬂ — (K + K (39
We now introduce a further change of variables, i.c.

u
7, =K, + 3 +Hun K, (35)

=K, (36)
This ensures that the integral to be evaluated is
nI*(K,) ex A)
Q= ¢ 0)2 p(-f J.J\ exp (—Busaz3) d*z, d*z,
Xpy
(37
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